In this paper, we study trading strategies based on exponential moving averages (ExpMA), an important indicator in technical analysis. We seek optimal ExpMA strategies when the drift of the underlying is modeled by either an Ornstein-Uhlenbeck process or a two-state continuous-time Markov chain. Closedform solutions are obtained under the logarithm utility maximization and the long-term growth rate maximization.
often have gimmicky names such as, e.g., Smart Money Index, Know Sure Thing Oscillator, Vortex Indicator, Money Flow Index, Bollinger Bands, etc.. From a mathematical standpoint, perhaps the simplest indicator to construct (and one which has an uncharacteristically boring name) is the Moving Average. As the name suggests, a moving average Y = (Y t ) t ≥0 of a process X = (X t ) t ≥0 is constructed via a convolution of X with a kernel ρ. Specifically, Moving averages are used widely in signal processing as low-pass filters. In economics, moving averages are used to examine home sales, unemployment, and other economic quantities that exhibit strong seasonal behavior. In technical analysis, moving averages are used to smooth out noise and identify long-term trends in stock prices and other underlyers.
Moving averages are lagging indicators. For example, suppose X is the log-price of a stock and Y is a moving average of X. If the drift of X has been positive for some time interval prior to time t , then it is likely that X t > Y t . Similarly, if the drift of X has been negative for some time interval prior to time t , then it is likely that X t < Y t . Thus, the sign X t -Y t gives an indication of the drift of X at time t . This observation motivates the following strategy: increase the holdings in X when X t > Y t and decrease the holdings in X when X t < Y t .
In the finance literature, whether past price movements provide trends or predictability for the future has been debated for decades, and there is evidence to support both sides. (Alexander, 1961) set up a filter trading rule as follows: investors buy (or sell) a security when its price moves up (or down) by more than a pre-chosen x percentage and subsequently sell (or buy) the security in the future when the price goes down (or up) by more than x percentage. To test the effectiveness of such a filter trading rule, he considered x ranging from 5% to 50% and chose data from the Dow Jones industrials from 1897 to 1929
and Standard and Poor's industrials from 1929 to 1959. His results confirmed that such a filter trading rule does generate significantly larger profits than a simple buy-and-hold strategy. The empirical findings in support of technical analysis include the earlier work of Levy (1967) and Brock et al. (1992) , and more recent work of Han et al. (2013) , Neely et al. (2014) , and Han et al. (2016) . By contrast, other earlier empirical studies claimed that technical analysis is useless and cannot beat a buy-and-hold strategy. For instance, James (1968) assumed that investors could either take a position (long or short) in a stock 1 or hold cash, and then compared the performance of buy-and-hold, SimMA, and ExpMA strategies. Using data adjusted for automatic dividend reinvestment, he found that a simple buy-and-hold strategy produces superior performance to moving average strategies. But if data are not adjusted for dividends, the test 1 Empirical studies are repeated for different stocks available in the market, but each time investors can only trade one specific stock.
results in James (1968) found moving average strategies more effective than a buy-and-hold strategy. The work of Fama and Blume (1966) obtained similar findings to those of (James, 1968) , i.e., strategies based on filtering techniques are inferior to a buy-and-hold strategies for most securities, even without taking into account the commission fees, thus contradicting the empirical work of Alexander (1964) . Nevertheless, Fama and Blume (1966) pointed out that some filters may constantly outperform others and indeed achieve larger profits than a buy-and-hold strategy (e.g., 0.5, 1.0, and 1.5 percent on long positions produce greater average returns than a buy-and-hold strategy). A variety of mechanical trading strategies based on moving averages are described in the recent book "Technical Analysis: Power Tools for Active Investors" Appel (2005) . The advantages of these strategies are that they take the emotion out of investing by providing concrete rules for when to buy and sell an asset. Such strategies can also be easily programmed into and implemented by a computer.
In mathematical finance, optimal investment problems (also called portfolio selection problems) have long been an important topic and have attracted extensive interest. Ground breaking research include
Markowitz's mean-variance portfolio theory, c.f. Markowitz (1952) and Markowitz (1968) , the stochastic control method, c.f. Merton's work Merton (1969) and Merton (1971) , and the martingale method, c.f. Cox and Huang (1989) and Karatzas et al. (1987) . Please also refer to the monographs, e.g. Merton (1990) , Shreve (1998), Prigent (2007) , for the classical treatment on optimal investment problems. In all of the above mentioned work, investment strategies are constructed without using any indicator from the technical analysis.
The purpose of this paper is to provide a mathematical analysis of trading strategies based on exponential moving averages. We do not claim that such strategies are optimal (in the sense of stochastic control).
Rather, we show that, under certain market conditions, strategies based on exponential moving averages can outperform simple constant mix strategies. As a result, our analysis provides mathematical motivation for the use of these strategies in practice. In this paper, the drift process of the stock price is assumed to be given by either an Ornstein-Uhlenbeck process or a continuous-time Markov chain. In both settings, we obtain optimal ExpMA-based strategies in explicit forms under two optimization criteria, utility maximization and long-term growth rate maximization. To our best knowledge, there is no paper studying optimal ExpMAbased trading strategies in literature. Our paper will fill this void and also provide valuable guidance for practitioners who use moving averages to trade securities.
The rest of this paper proceeds as follows. In Section 2, we conduct an empirical study to compare the performance of the moving averages strategies to that of the constant mix strategies (which include buyand-hold strategies). In Section 3, we introduce the framework of our model and the optimal investment problems for ExpMA strategies. We obtain optimal ExpMA strategies in explicit form when the drift of the risky asset is an Ornstein-Uhlenbeck process in Section 4, and is a two-state continuous-time Markov chain in Section 5. We conclude in Section 6.
Empirical Motivation
In this section, we conduct an empirical study to compare constant mix strategies with moving average strategies. The purpose of the empirical study is not to show that the moving average strategies are always superior to other strategies (indeed, given two trading strategies A and B, one can always find time periods in which strategy A outperforms strategy B and vice verse). Rather, we wish to present an honest investigation of moving average strategies and show that, under certain market conditions, such strategies present some desirable features, which could be of interest to fund managers and individual investors.
In our study, we consider a financial market with two assets: the 3-month U.S. Treasury Bills (T-Bills) and the S&P 500 index (weekly price). We obtain the data for the 3-month T-Bills from the Federal Reserve Bank of St. Louis 2 and the data for the S&P 500 from Yahoo Finance 3 from January 2007 to December 2016. In the first week of 2007, the annualized yield was 4.87% for the 3-month T-Bills and 4.66% for the 10-year Treasury Notes. The weekly returns of the 3-month T-Bills and the S&P 500 are plotted in Figure   1 . The weekly return of the 3-month T-Bills experienced significant declines during the financial crisis of 2008-2009 and stayed close to 0 for several years after the financial crisis. In the meantime, the weekly returns of the S&P 500 were more volatile, with losses of nearly 20% during the weeks of the financial crisis.
We first consider constant-mix investment strategies, which maintain constant investment proportions in the two assets. Denote byπ the proportion invested in the S&P 500. Thus, 1 -π is the proportion invested in the 3-month T-Bills. We considerπ = 0%, 25%, 50%, 75%, 100%, e.g., ifπ = 100%, then all the capital are invested in the S&P 500 (i.e., a buy-and-hold strategy). The results are presented in Table 1 (first two   rows) . From 2009 to 2015, the yield on the 3-month T-Bills was close to 0, while the S&P 500 grew by more than 100% during the same period. The S&P 500 index was 906.65 in the first week of 2009 and 2270.75 in the last week of 2016, which explains why a higher investment weight in the S&P 500 yields a higher return in Table 1 .
Next, we construct discretized versions of the simple moving average (SimMA) and the exponential moving average (ExpMA) of the log price of the S&P 500 as follows:
Denote by X = (X i ) i ∈N the log price of the S&P 500.
Denote by Y sim = (Y sim i ) i ∈N the τ -period simple moving average of X, where τ is a positive integer (moving average window). Specifically, Y sim i is given by
Denote by Y exp = (Y exp i ) i ∈N the exponential moving average of X. From the construction of the exponential moving average described in (1.1), we obtain 4 , since our data has weekly frequency. . As discussed in the previous section, if χ i = 1, it is likely that the log price X is increasing.
Namely,χ i (τ ) is the number of periods (weeks) with X i > Y i in the last τ periods (weeks).
Denote by π = (π i ) i ∈N an investment strategy, where π i the investment proportion in the S&P 500 from time i to i + 1.
We consider the following affine type strategies Remark 2.1. Notice thatχ i (τ ) and k are both positive, the moving average Y i is also positive for the data considered (which holds true for most stocks with prices greater than e). Hence, the affine strategies, given by (2.1), suggest that investors should buy the S&P 500 when X i > Y i and sell it when X i < Y i .
Constant-Mix Strategiesπ = 0%π = 25%π = 50%π = 75%π = 100% SimMA Strategies (τ = 4) Our main focus is the performance of the ExpMA strategies, since those are the subject of subsequent studies. For the SimMA strategies, we only consider the cases of τ = 4 (equivalent to 1 month) and different k . For the ExpMA strategies, we select λ = 0.6 and study the cases of τ = 4, 8, 12 and different k 5 . We obtain the portfolio return of those strategies based on both SimMA and ExpMA in Table 1 . With τ = 4, λ = 0.6 and k = 1, we plot the portfolio wealth over time for three strategies in Figure 2 : constant-mix strategy withπ = 1 (full investment in the S&P 500, equivalently, a buy-and-hold strategy), SimMA and ExpMA.
In general, both SimMA and ExpMA strategies achieve much better performance than constant-mix strategies (see Table 1 ), triple the best constant-mix strategy return (97.87%) in several scenarios. The performance of the SimMA and the ExpMA strategies are close when the moving average window is τ = 4 (see Figure 2 ), and both strategies outperform the best constant-mix strategy. Such findings give us strong motivation to study investment strategies based on moving averages. 
Modeling Framework
We now turn our attention to the mathematical analysis of moving average strategies. We consider a continuous-time financial market, which consists of one riskless asset and one risky asset. For simplicity, we assume that the risk-free rate of interest is zero so that the riskless asset has a constant value. The price process of the risky asset S = (S t ) t ≥0 is given by the following dynamics under some given stochastic basis
where the drift µ = (µ t ) t ≥0 is F-adapted, the volatility σ is a positive constant, and W is a standard one-dimensional Brownian Motion under P with respect to the filtration F. Throughout this paper, we shall assume that µ conspires so that the solution S of (3.1) exists and is strictly positive for all t ≥ 0.
In a classical portfolio optimization problem, one seeks to solve
where T > 0 is the terminal time (or planning time), U is some utility function, π = (π t ) t ≥0 is the investor's strategy with π t denoting the investment proportion in the risky asset at time t , A is some set of admissible strategies, and T] is the wealth process associated with strategy π, with dynamics given by
, and Π 0 > 0.
In general, the optimal strategy π * depends on knowing the drift value µ t at all times t ∈ [0, T]. However, the instantaneous value µ t of the drift is often unobservable. One way of dealing with this, is to use filtering to estimate µ t and derive the optimal strategy based on one's best estimate of µ t , denoted by µ t . In our studies, we use exponential moving averages to deduce information about the drift.
Let us introduce the log stock price process X = (X t ) t ≥0 , which is defined as X t := ln S t . Using Itô's Lemma, the dynamics of X are given by dX t = µ t -1 2 σ 2 dt + σdW t , and X 0 = ln S 0 .
Next, we define Y = (Y t ) t ≥0 , the exponential moving average (ExpMA) of X, by
where λ > 0 is a constant. One can easily check that
Note that Y mean-reverts to X. If the drift of X is positive, then, at a given time t , we will likely have that Y t is less than X t . The larger the drift of X is, the larger the gap between X t and Y t will be. Thus, the quantity X t -Y t can provide information about the drift of X. Note that X t -Y t is easily observable.
This motivates us to consider trading strategies of the form
where f is some increasing function of the second argument.
It will be useful at this point to define the difference process Z = (Z t ) t ≥0 , which is given by Z t := X t -Y t .
One can easily verify that the dynamics of Z are
Solving the stochastic differential equation (SDE) for Z, we obtain
Note that if µ is a constant, Z is simply an Ornstein-Uhlenbeck (OU) process. Note further that Z is not independent of X as both processes are driven by the same Brownian motion W. Using our definition of Z, we can write strategies of the form (3.4) as follows
We will denote by ] . Note Π 0 is the same for all strategies f .
We are primarily interested in the following portfolio optimization problems for the ExpMA strategies.
Problem 3.1. Find the optimal strategy f * ∈ C i to the utility optimization problem
where T > 0 is the planning time, C 1 is the set of affine strategies
and C 2 is the set of square-integrable strategies
Problem 3.2. Find the optimal strategy f * ∈ C i to maximize the long-term growth rate
Motivating Example
In the example of this section, we assume the drift is a positive constant,
the market is reduced to a standard Black-Scholes market. In this setting, it is well known that the optimal
For our analysis of ExpMA-based strategies, we consider the class of all affine functionals, C 1 . Namely, we consider the trading strategies of the form π t = f (t , Z t ), where f ∈ C 1 , which are based on the ExpMA Z.
It is straightforward to show that Problem 3.1 with C = C 1 bears a unique optimal solution as
meaning that the optimal ExpMA strategy f * is the same as the optimal strategy π * .
Remark 3.3. We find the optimal ExpMA strategy f * by searching over all affine functionals in C 1 . It is worth noting that although C 1 ⊂ A it may be that π * ∈ C 1 . In such cases, we have f * = π * . However, if the utility in Problem (3.2) does not belong to the hyperbolic absolute risk aversion (HARA) class, or extra restrictions are imposed on the admissible set A, it is possible that π * / ∈ C 1 .
Analysis for the Case of an OU-Type Drift
In this section, we assume that the drift µ follows an Ornstein-Uhlenbeck (OU) process,
where κ and δ are positive constants,μ is the mean-reversion parameter, andW is a standard Brownian motion, independent of W.
The main results of this section are Theorems 4.2, 4.3 and 4.5, where we present the solutions to Problems 3.1 and 3.2.
Known Results for an Observable Drift
We first present known results to the optimal investment problem under utility maximization when the drift of the risky asset is given by an observable OU process, c.f., Kim and Omberg (1996) .
Define the value function for the optimal investment problem by
where A(t ) is some set of admissible strategies starting from t , and U is a utility function.
Assume U(x ) = ln(x ), x > 0. The value function is given by
where
The optimal strategy π * is obtained by
Remark 4.1. A key assumption in the analysis of Kim and Omberg (1996) is that the drift µ is observable to investors at all times. This explains the last argument in the value function V(t , Π, µ), where µ t = µ. As mentioned in Section 3, the drift µ of an underlyer is generally unobservable. One of the main advantages of the ExpMA-based trading strategies that we develop in this paper, is that these strategies depend on the observable state variables X and Y (or, alternatively, on Z).
Utility Maximization for C 1 and C 2 Strategies
In this section we solve Problem 3.1 for strategies f ∈ C 1 and f ∈ C 2 when the dynamics of µ are given by (4.1). The result for strategies f ∈ C 1 is given in Theorem 4.2 and the result for strategies f ∈ C 2 are given in Theorem 4.3.
We begin our analysis by solving the SDE (4.1) for µ. We have
where µ 0 is the initial value of the drift process and
Here, we use the notation N(m, v ) to denote a normal distribution with mean m and variance v . We shall assume that µ 0 is normally distributed µ 0 ∼ N(m 1 (0), v 1 (0)), and is independent of (W t ) t ≥0 and (W t ) t ≥0 .
With µ given by (4.2), the mean and variance of µ t are given by
It will be convenient to introduce the following notations
, and
which allows us to rewrite m 1 (t ) and v 1 (t ) as
and
The SDE for Z now becomes
which bears a unique solution 
Notice that N 3 (t ) and N 2 (t ) have the same distribution, and are independent. Finally, we rewrite Z t by
In establishing (4.8), we implicitly assume κ = λ.
We find the covariances of the random variables that appear in (4.2)and (4.8) as
Now we are ready to find the mean and the variance of Z t :
Introduce the following notations
As a result, we rewrite m 2 (t ) and v 2 (t ) as
Similarly, we obtain E[µ t Z t ] by
From the SDE of Π f , we solve to get
We restrict to the class of all affine functionals, C 1 , defined in (3.5). Consider an f (t , z ) = az + b ∈ C 1 , where a , b ∈ R. Since Z is continuous and square integrable, and f is an affine function, the Ito integral on the r.h.s of (4.9) is a true martingale, and thus
Taking expectation for the l.h.s of (4.9) gives
For simplicity of the notation, denote
and let
For any fixed T > 0, it can be shown that the function g(·, ·; T) attains the global maximum at
A(T)T -B(T)D(T) B(T)C(T) -A(T)D(T)
. (4.10)
Noticing (Z t ) t ≥0 is not constant, by the Cauchy-Schwarz inequality, we have C(T)T -D 2 (T) > 0. With the above analysis, the following theorem follows naturally.
Theorem 4.2. Assume κ = λ and the drift µ is the OU process given in (4.1). Then the optimal ExpMA strategy f * 1 ∈ C 1 to Problem 3.1 is
where a * 1 and b * 1 are given by (4.10).
In the above theorem, we consider Problem 3.1 for the class of affine functionals. Next, we extend the analysis to a larger class, and present the results in the following theorem.
Theorem 4.3. Assume κ = λ and the drift µ is the OU process given in (4.1). Then the optimal ExpMA strategy f * 2 ∈ C 2 to Problem 3.1 is
Proof. It is easy to check that f * 2 ∈ C 2 . Given f ∈ C 2 , from the SDE of Π f , we obtain
Hence, to maximize the utility, we choose f to maximize the integrand,
It is easy to see that the above attains the maximum when f (t ,
. It remains to show that
Recall N 1 (t ) and N 3 (t ) defined respectively by (4.3) and (4.7). It is straightforward to show that N 1 (t ) and N 3 (t ) have a bivariate normal distribution with the covariance matrix given by
.
Note that µ 0 and N 2 (t ), defined by (4.6), are independent normal random variables, and that they are both independent of N 1 (t ) and N 3 (t ). Then from (4.2) and (4.8), we know that µ t and Z t have a bivariate normal distribution. Therefore,
Remark 4.4. Theorem 4.3 shows that under a more general class C 2 , the optimal ExpMA strategy f * 2 is still in affine form, although the slope a * 2 (t ) and the intercept b * 2 (t ) now are time dependent. Recall in Theorem 4.2, the slope a * 1 and the intercept b * 1 in the optimal affine ExpMA strategy f * 1 are both constants, see (4.10).
By plugging in the optimal ExpMA strategy f * 2 , given by (4.11), into the above expression for f , we obtain
where corr(Z t , µ t ) is the correlation coefficient between Z t and µ t .
Long-term Growth Rate Maximization for C 1 and C 2 Strategies
In this section, we study Problem 3.2 for strategies f ∈ C 1 and f ∈ C 2 when the dynamics of µ are given by (4.1). The results are presented in Theorem 4.5.
We begin our analysis by noticing that, as t → ∞, we have
Therefore, we obtain
and for a * 2 (t ) and b * 2 (t )
where a ∞ and b ∞ are defined by (4.17) and (4.18), respectively. It is clear that f ∞ ∈ C 1 ⊂ C 2 .
Define η := η(λ) by
We have the following result.
Theorem 4.5. Assume κ = λ and the drift µ is the OU process given in (4.1). Then
In particular, this implies that
That is, f ∞ (z ), given by (4.19), is an optimal strategy to Problem 3.2 within both the C 1 class and the
Proof. Obviously we have that
Moreover,
where the third equality follows from
and the last equality follows from (4.12), (4.13), (4.14), (4.15), and (4.16). This together with (4.23) implies (4.21).
Since
We have (4.22) holds.
By Theorem 4.5, lim T→∞ 1 T V * 2 (T) is equal to η, which is defined by (4.20) and solely depends on the moving average constant λ, once the model parameters κ, δ,μ, and σ are fixed. From (4.20), we compute
whereλ is defined byλ (κ, δ, σ) := κ 2 + δ 2 σ 2 . The result below then follows accordingly.
Proposition 4.6. Assume λ = κ and the drift µ is the OU process given in (4.1). We have that
and the equality holds if and only if λ =λ.
Next, we compare the limit behavior between V * 2 (T) andV(T), the optimal expected utility to Merton's problem when the drift µ is observable and the utility U is of logarithmic form. Equivalently,
Assuming µ is observable, the optimal strategyπ * to Problem (4.24) is π * t = µ t σ 2 , and thenV
Recall lim t →∞ v 1 (t ) = δ 2 2κ and lim t →∞ m 1 (t ) =μ, taking limit forV(T) yields
(4.25)
The comparison results are presented below.
Proposition 4.7. Assume λ = κ and the drift µ is the OU process given in (4.1). We have that
where η and ξ are defined by (4.20) and (4.25), respectively. In addition, for λ, σ, δ > 0 andμ = 0, we
Analysis for the Case of a Two-State Markov Drift
In this section, we assume the drift µ is modeled by a time-homogeneous two-state continuous time Markov chain (CTMC). We assume the state space of the CTMC is {ρ 1 , ρ 2 }, where ρ 1 and ρ 2 are two positive constants such that ρ 1 < ρ 2 (i.e., µ jumps between ρ 1 and ρ 2 ), and the generator matrix is given by
where α, β > 0. Let P(t ) = [P ij (t )] i ,j =1,2 be the transition matrix of the drift µ. That is,
It is easy to verify that
For simplicity, we assume that µ 0 has the stationary distribution of the CTMC, namely,
Then µ t has the same distribution as µ 0 for all t ≥ 0. Denote by n 1 the expected value of µ t . We obtain
We assume throughout this section that the processes µ and W are independent.
Analysis on C 1 Strategies
In this section, we seek solutions to Problems 3.1 and 3.2 for C 1 strategies under the assumption that the dynamics of µ are given by the CTMC described above. The main result for Problem 3.1 is given in Theorem 5.1 and the main result for Problem 3.2 is given in Theorem 5.2.
Utility Maximization for C 1 Strategies
In this section, we study Problem 3.1 for strategies f ∈ C 1 . To begin, we define V * 1 (T) by
where C 1 is given by (3.5).
Recall from (4.5) that Z has the dynamics
where N 2 (t ) is defined in (4.6). From the above expression, we obtain
Next, by (5.1), we have that
and thus
Note that, for s ≤ t , we have
This, together with (5.2), implies that
From (5.1) we have
Hence,
Following the arguments in Section 4.2, we obtain the result below.
Theorem 5.1. Assume the drift µ is given by a time-homogeneous two-state CTMC. The optimal
ExpMA strategy f * 1 in C 1 to Problem 3.1 is given by
Long-term Growth Rate Maximization for C 1 Strategies
In this section, we turn our attention to Problem 3.2 for strategies f ∈ C 1 under the assumption that the drift µ is modeled by a CTMC. We begin our analysis by observing that
which immediately implies that
As in Section 4.3, we have the following.
The optimal ExpMA strategy to Problem 3.2 for strategies f ∈ C 1 is
where c ∞ and d ∞ are defined by (5.3).
Analysis on C 2 Strategies
In this section, we extend our analysis from C 1 (affine strategies) to a larger class C 2 (square-integrable strategies). The main results are Theorems 5.4 and 5.8, where we provide solutions to Problems 3.1 and 3.2, respectively.
Utility Maximization for C 2 Strategies
Let us consider the utility maximization Problem 3.1 for strategies f ∈ C 2 , i.e., we study
where C 2 is defined in (3.6).
Similar to the results in Theorem 4.3, the optimal strategy in C 2 under the current setting is given by
To find f 
Let u(t , ·) and v (t , ·) be the conditional cumulative distribution functions (c.d.f.) of Q 1,t given µ 0 = ρ 1 and µ 0 = ρ 2 respectively. That is
λ (1 -e -λt ), we obviously have
Denote by φ(t , x ) the probability density function (p.d.f.) of Q 2,t , i.e.,
Then the conditional c.d.f. of Q t given µ 0 = ρ 1 is
Using the dominated convergence theorem, we obtain the conditional p.d.f. of Q t given µ 0 = ρ 1 by
∂x . Similarly, the conditional p.d.f. of Q t given µ 0 = ρ 2 is obtained by
Using p(t , x ) and q(t , x ), and recalling that
we have
,
Proposition 5.3. For t > 0 and
λ (1 -e -λt ), the functions u and v , defined in (5.4), satisfy the following partial differential equation (PDE) system:
Proof. For all 0 < h ≪ t , denote by #(h ) the number of jumps for the drift µ in (0, h ]. We have that
Let I, II, III denote the first, the second, and the third term of the right-hand-side of the equation above, respectively. We proceed to obtain the following results
Similarly, we can show that
Obviously, III = o(h ).
Therefore,
which implies the PDE of u in (5.6). Similarly we can show the PDE of v in (5.6) holds as well. Moreover,
The other boundary conditions in (5.6) are obvious.
Theorem 5.4. Assume the drift µ is given by a time-homogeneous two-state CTMC. The optimal ExpMA strategy f * 2 in C 2 to Problem 3.1 is given by
where E[µ 0 | Q t ] is calculated in (5.5).
Long-term Growth Rate Maximization forC 2 Strategies
In the remaining part of this section, we study Problem 3.2, long-term growth rate maximization, for a subset of C 2 strategies, denoted byC 2 ,
namely,C 2 includes all C 2 strategies that are independent of time. We shall explicitly obtain the optimal trading strategy and the long term growth rate in Theorem 5.8.
To begin our analysis, we note that as t → ∞, we have
The following lemma will be key.
Lemma 5.5. We have the following limit result:
Proof. Let u ∞ and v ∞ be the conditional c.d.f. of ∞ 0 e -λs µ s ds given µ 0 = ρ 1 and µ 0 = ρ 2 , respectively. That is
and the conditional p.d.f. of (Q ∞ | µ 0 = ρ 2 ) is given by 
Equations (5.5) and (5.11) indicate that, in order to show (5.8), it suffices to show that p(t , ·) and q(t , ·) uniformly converge to p ∞ (·) and q ∞ (·), respectively. We will use (Boos, 1985 , Lemma 1) to prove such a result.
We have that
dz .
For t > 1, these exists some constant K > 0 such that and ζ t := σ 2 λ 1 -e -2λt .
Let t > 1 λ and 0 < |x -y| ≤ ε for some positive constant ε, we have that
where K is some constant that is independent of t , x , y, ε and may vary from line to line, and the limit result on the last line follows from the dominated convergence theorem.
where the third equality follows from the dominated convergence theorem.
Thus, by (Boos, 1985 , Lemma 1), p(t , ·) uniformly converges to p ∞ (·). Similarly, we can show that q(t , ·) uniformly converges to q ∞ (·).
Recall that u ∞ and v ∞ are the conditional c.d.f. of ∞ 0 e -λs µ s ds given µ 0 = ρ 1 and µ 0 = ρ 2 respectively. We have the following results. That is, u ∞ and v ∞ are the c.d.f of (scaled and shifted) Beta distributions.
Conclusion
Moving averages (MAs) are widely used indicators in technical analysis and are commonly applied by practitioners to construct trading strategies. In this paper, we provide a mathematical analysis of trading strategies that are constructed using the exponential moving averages (ExpMAs) of the risky asset. Namely, we study the classical optimal investment problems for ExpMA strategies. The drift process of the risky asset in our framework is modeled by either an Ornstein-Uhlenbeck (OU) process or a continuous-time Markov chain (CTMC). We obtain optimal ExpMA strategy in explicit forms under two optimization criteria: logarithm utility maximization and long term growth rate maximization. We hope our work inspires further mathematical analysis of common Technical Analysis trading strategies.
